ABSTRACT One-sided exponential exponentially weighted moving average (EWMA) charts are useful tools for monitoring high-quality processes. Average run length (ARL) is usually used as the only criterion to evaluate the performance of a control chart. However, the shapes of the run length (RL) distributions of the one-sided exponential EWMA charts are highly skewed, and furthermore, are affected by the number of Phase I samples used to estimate the process parameters. This results in some confusion in the interpretation of control charts based on ARL for practitioners. Fortunately, the median run length (MRL), which is more intuitional for users, could be employed as a good alternative measure. Based on these, the MRL-based one-sided exponential EWMA charts are investigated in this paper, by taking the effect of estimated parameters into account. The performances of control charts are investigated through a Markov chain approach. An optimal design procedure is developed for the one-sided exponential EWMA charts with estimated parameters based on MRL. Finally, an illustrative example is presented to show the implementation of the exponential EWMA chart when process parameters are estimated.
I. INTRODUCTION
Control charts are widely used to keep a check on the current state of the accuracy (central tendency) and precision (spread) in the distribution of the data in many processes, such as in the manufacture of artifacts, in the provision of services, or in the transfer of information and so on (see [1] ). With the development of technologies, the defect rate in many processes has declined markedly in modern industries. This results in much more high quality processes where the failure rate is very low. However, conventional charts, like np chart or p chart, have certain drawbacks for the monitoring of high quality processes, such as high false alarm rates, negative values of lower control limits for strictly positive monitored quantities, undesirable dependencies between sample size
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To overcome these problems for monitoring high quality processes by using conventional charts, an alternative option is to use time-between-events (TBE) charts, which are based on the time between consecutive failures (inter-arrival time of nonconforming items) (see [3] - [5] ). Because the occurrence of events can be modeled by a homogeneous Poisson process with a constant failure rate, the inter-arrival time between two failures can be assumed to be an independent and identically distributed (i.i.d.) exponential random variable (see [6] ). For this reason, one type of TBE charts is known to be exponential charts. Lucas [7] first introduced exponential distribution to model the time between two counts when the number of counts per interval follows a Poisson distribution. Since then, many researches on TBE charts were performed, including the exponential Shewhart chart (see [6] , [8] - [10] ), the exponential Cumulative Sum (CUSUM) chart (see [11] - [14] ), and the exponential exponentially weighted moving average (EWMA) chart. Among these, the EWMA type chart gets widespread attention due to its high sensitivity for small to moderate shifts in a process. Moreover, when the direction of the potential mean shift is anticipated, one-sided charts are more appropriate compared with two-sided charts. Hence, one-sided (upperand lower-sided) exponential EWMA charts are focused in this paper.
Whereas there are so many literatures related to exponential EWMA charts (see [15] - [21] ), to date, most of the existing works are based on the assumption that the in-control parameter of the exponential distribution is already known. In real industrial applications, the parameter is rarely known in advance, and needs to be estimated from in-control samples. Control charts are usually implemented in a two phases procedure (Phase I and Phase II). The task of Phase I is to estimate process parameters by using an in-control historical dataset. In Phase II, control charts constructed based on the estimated parameters obtained in Phase I are used to monitor processes for the departures from the in-control state. Due to the variability of the estimated parameters used in the set of control charts, the in-and out-of-control performances of charts are usually unsatisfactory compared with the ones with known parameters. In light of this, Woodall and Montgomery [22] highlighted the importance of studying the effect of parameter estimation introduced in Phase I on control charts. Thereafter, considerable attention was devoted to investigating the performance of charts with estimated parameters (see [23] - [29] , to name a few). Moreover, Ozsan et al. [30] has studied the run length (RL) distributions of the lowersided exponential EWMA chart for investigating the effect of parameter estimation. The study showed that the additional variability introduced through the parameter estimation to the control chart might alter the chart's actual performance significantly from the expected one. But the research did not give attention to the upper-sided exponential EWMA chart, which is aimed at detecting an increase in the process mean and is also very important for monitoring process improvements.
In the research of control charts, average run length (ARL) is usually used as the only criterion to evaluate the performance of a control chart. A common method for the optimal design of a control chart is to select the chart parameters, which result in the minimum out-of-control ARL (denoted as ARL 1 ) value with the constraint of a specified in-control ARL (denoted as ARL 0 ). However, the only dependence of ARL as a performance measurement has been widely criticized by some researches (see [31] - [34] ). The shape of the RL distribution is affected by the magnitude of mean shift size and also by the estimated parameters. This will cause the interpretation of ARL for a highly skewed RL distribution markedly different from the one for a nearly symmetric RL distribution. For example, a lower-sided exponential EWMA chart with (λ − = 0.3, h − = 0.2766) has an ARL 0 of 500, whereas 50% of RL values are less than 348 (the values can be calculated by using (14) and (16) in Section II-A). This may make practitioners confused that ARL cannot be regarded as the symbol of ''half of the time.'' Hence many researches recommended median run length (MRL) as an alternative performance measure for the analysis of a control chart (see [32] , [35] - [38] , to name a few). In the above example, MRL is 348, which indicates that the first out-ofcontrol signal is issued before the 348th point with 50% probability. It is obvious that MRL is more suitable for the assessment of control charts with a variational shape of RL distributions. In fact, for the lower-sided exponential chart, the inspection of the RL percentiles in [30] showed that the RL distributions are generally right skewed, which inspired us to use MRL as an alternative performance criterion to design one-sided exponential EWMA charts with estimated parameters.
To the best of authors' knowledge, there is no research conducted on exponential EWMA charts with estimated parameters in terms of MRL. This paper is devoted to studying the MRL performances of one-sided exponential EWMA charts with estimated parameters. For a specified mean shift size and a fixed number of Phase I samples, an optimal design procedure of the chart is proposed to minimize the out-ofcontrol MRL (denoted as MRL 1 ) with a constraint on a specific in-control MRL (denoted as MRL 0 ), when the process parameters are estimated. The rest of this article is organized as follows: The properties of one-sided exponential EWMA charts for both known and estimated parameters are first given in Section II. Section III evaluates the MRL performances of one-sided exponential EWMA charts. An optimal design procedure of the chart is developed in Section IV when process parameters are estimated. An example is illustrated in Section V to show the implementation of the chart. Finally, some conclusions and recommendations are given in Section VI.
II. THE RUN LENGTH PROPERTIES OF ONE-SIDED EXPONENTIAL EWMA CHARTS A. THE RUN LENGTH PROPERTIES OF ONE-SIDED EXPONENTIAL EWMA CHARTS WITH KNOWN PARAMETERS
Let us assume that the quality characteristic X t is an exponential random variable, where the probability density function (p.d.f.) f (x) and cumulative distribution function (c.d.f.) F(x) of X t are given as follows:
Let the process mean be θ = cθ 0 . Here, θ 0 is the known process parameter and c = θ/θ 0 is a constant that reflects the shift in θ 0 . The special case c = 1 corresponds to the in-control state.
To simplify the design of the exponential chart, we consider the following scaled exponential observations,
It can also be re-stated as,
where S t = X t /θ is the random variable scaled with the process mean θ. It is known that S t is an exponentially distributed random variable with mean 1 (see [39] ), where the c.d.f. of S t is
The upper-and lower-sided EWMA charts for Y t plot the statistic Q + t (for an increasing shift in θ 0 , i.e., c > 1) and Q − t (for a decreasing shift in θ 0 , i.e., c < 1) respectively as follows:
where 0 < λ + ≤ 1 (0 < λ − ≤ 1) and B + (B − ) are the smoothing parameter and the reflecting boundary of the upper-(lower-) sided exponential EWMA chart, respectively.
is the upper (lower) control limit of the chart. Following [15] and [30] , B + = 0.5 and B − = 2 are employed in this paper, because these settings have been shown to have a good overall performance for the chart [18] . The values of Q + 0 (Q − 0 ) are conventionally assumed to be equal to the in-control mean θ 0 . Other situations with specific initial values can be similarly analyzed if needed.
Due to the scalability of the exponential distribution, the control charts for the scaled process Y t with design parameters (λ + , B + , h + ) or (λ − , B − , h − ) have the same performance with the charts having design parameters
Following [40] - [42] , to name a few, the RL properties of one-sided exponential EWMA charts can be obtained by using the Markov chain approach,
• For the upper-sided exponential EWMA chart, let the interval between B + and h + be divided into N subintervals with width + = 
After some algebraic calculations, we can obtain
• For the lower-sided exponential EWMA chart, let the interval between B − and h − be divided into N subintervals with width − = 
Let q be the initial probabilities associated with the N transient states, i.e., q = (q 1 , q 2 , . . . , q N ) . As stated in [43] or [44] , the RL of the one-sided exponential EWMA chart is a Discrete Phase-type (DPH) random variable of parameters (Q, q), the probability mass function (p.m.f.) f RL ( |Q, q) and the c.d.f. F RL ( |Q, q) of the RL distributions are given as follows:
where r = 1 − Q1 with 1 = (1, 1, . . . , 1) . The ARL of the one-sided exponential EWMA chart is
In addition, the percentage of all the RL values smaller than the ARL, denoted as F ARL , can be calculated as follows [45] ,
VOLUME 7, 2019 where · is the rounding down operator and ARL is calculated by (14) . Following Gan [11] , the 100γ (0 < γ < 1) percentage point γ of the RL distribution is defined as
Moreover, the MRL of the one-sided exponential EWMA chart can be computed by setting γ = 0.5,
B. THE RUN LENGTH PROPERTIES OF ONE-SIDED EXPONENTIAL EWMA CHARTS WITH ESTIMATED PARAMETERS
In practice, the parameter θ 0 is rarely known, and therefore it is estimated from m in-control samples collected in Phase I, denoted as {Z 1 , Z 2 , . . . , Z m }, where Z i is an independent exponential random variable with in-control mean θ 0 . A common estimator for θ 0 is the maximum likelihood estimator (see [13] , [30] , [46] ),θ
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Let w = θ 0 /θ 0 , c = θ/θ 0 and S t = X t /θ. Then, (19) can be re-written as follows:
The random variable w represents the ratio of the actual in-control mean to the estimated in-control mean of the process. The value of w is 1 if there is no estimation error. It is known that w is distributed according to an inverse gamma distribution, denoted as IG(m, m), and the p.d.f. of w is,
Due to the scalability of the exponential distribution, the control charts for the scaled process Y t with design parameters (λ + , B + , h + ) or (λ − , B − , h − ) have the same performance with the charts having design parameters (θ 0 λ + ,θ 0 B + ,θ 0 h + ) or (θ 0 λ − ,θ 0 B − ,θ 0 h − ) for the process X t with estimated parameterθ 0 . Similarly, the Markov chain approach is used to evaluate the RL properties of the one-sided exponential EWMA 
where
• For the lower-sided exponential EWMA chart, by substituting Y t in (10) with Y t in (20), we can obtain
of the RL distributions of one-sided exponential EWMA charts with estimated parameters can be obtained from (12) and (13), respectively, by replacing Q with Q. Since w is an independent random variable, the unconditional p.m.f. f RL ( | Q, q) and c.d.f. F RL ( | Q, q) of the RL distribution can be obtained as follows:
The 100γ th unconditional percentiles of the RL distributions for the one-sided exponential EWMA chart with estimated parameters can be obtained by using (16) and (25) as follows:
Meanwhile, the unconditional MRL can also be calculated as
Moreover, the unconditional ARL for the one-sided exponential EWMA chart with estimated parameters can be obtained,
For the one-sided exponential EWMA chart with estimated parameters, the percentage of all the RL values smaller than the ARL can be calculated as follows,
where ARL is calculated by (28) . Since the integrals in (24), (25) , and (28) are difficult to compute directly, the Gauss-Legendre quadrature (see [47] , [48] ) is used to obtain an approximation of the integrals. All the simulations in this article are done using Matlab R2016b. 
C. INTERPRETATION PROBLEMS OF THE ARL-BASED EXPONENTIAL EWMA CHARTS WITH ESTIMATED PARAMETERS
Many works on control charts use the ARL as the only performance criterion due to its low computational complexity. Whereas it is commented by many researches that the sole use of the ARL is improper for control charts with skewed RL distributions (see [31] - [34] , to name a few). In fact, ARL is no longer a typical value of the RL performance when the RL distribution is highly skewed (see [49] ).
For the lower-sided exponential EWMA chart, [30] showed that RL distributions are generally right skewed, and the shape of the RL distribution is uncertain due to the effect of parameter estimation. In order to assess the interpretation of ARL, the percentiles of the RL distribution and the ARL are calculated for the lower-sided exponential EWMA chart by using (26) and (28) in Section II. In addition, F ARL is also calculated by using (29) to visualize the meaning of the ARL. Table 1 exhibits the values of the percentiles, ARL, and F ARL when λ ∈ {0.1, 0.5} and m ∈ {30, 100, 200, +∞} for both in-control (c = 1) and out-ofcontrol (c ∈ {0.2, 0.4, 0.6, 0.8}) cases. It is noted that the values of ARL 0 roughly equal to 500 for all the cases shown in Table 1 and m = +∞ stands for the cases with known parameter.
From a glance of Table 1 , as expected, the shapes of the RL distribution for all cases are generally skewed. In addition, the difference between the ARL 0 and MRL 0 changes with the number m of Phase I samples. For example, when λ − = 0.1 and m = +∞ (known parameter case), the ARL 0 = 500 and MRL 0 = 350. Whereas if the process parameter is estimated from m = 30 samples, the MRL 0 decrease down to 46 and the ARL 0 is still around 500. In fact, the F ARL increases from 63.2% for the known parameter case up to 91.4% for the estimated parameter case (m = 30). The interpretation of ARL with F ARL = 63.2% is definitely different from the one with F ARL = 91.4%. This example implies that the interpretation of in-control ARL is affected by the number of Phase I samples. Similar results can also be drawn for the out-of-control cases.
On the other hand, the percentiles, ARL, and F ARL for the upper-sided exponential EWMA chart with estimated parameter is also presented in Table 2 when λ ∈ {0.1, 0.5} and m ∈ {30, 100, 200, +∞} for both in-control and out-ofcontrol cases. All the values of ARL 0 are roughly equal to 500. As expected, similar to the lower-sided exponential EWMA chart, F ARL has different values for a different number of Phase I samples. For instance, when λ + = 0.1, c = 1.04, the F ARL = 88.3% for m = 30, whereas F ARL = 70.8% for m = 200.
It should be noted that, when F ARL changes with the number of Phase I samples, the ARL cannot be intuitively regarded as the likelihood, for instance, 50% of the time of getting an out-of-control signal before a certain sample. This result in a risk for practitioners who take the ARL as a symbol of the ''half of the time.'' In order to overcome this problem, MRL may be employed as a suitable alternative performance measure. The meaning of MRL is intuitive for practitioners, i.e., an out-of-control signal could be issued before a certain sample with half of the chance. For example, when (λ − , h − ) = (0.1, 0.7076), c = 0.8, and m = 30, MRL 1 equals to 18, which means that the first out-of-control signal could occur before the 18th sample with 50% probability. It is obvious that MRL is more intuitive and meaningful for practitioners when they assess the performance of a control chart. This constitutes the basis of using MRL as a performance measure of the chart in this paper.
III. PERFORMANCE ASSESSMENT OF ONE-SIDED EXPONENTIAL EWMA CHARTS WITH ESTIMATED PARAMETERS BASED ON MRL
The performance of one-sided exponential EWMA charts is investigated in terms of MRL for both known and estimated parameters cases. In order to investigate the effect of VOLUME 7, 2019 parameter estimation on the RL distribution, the 5th and 95th percentile values (denoted as l 0.05 and l 0.95 , respectively) are also computed. Values of l 0.05 , MRL 1 , and l 0.95 for different number of Phase I samples m ∈ {10, 20, 30, 50, 100, +∞} are calculated by using (26) and (27) in Section II. Table 3 presents the values of (l 0.05 , MRL 1 , l 0.95 ) for the lower-sided exponential EWMA chart when c ∈ {0.1, 0.2, · · · , 0.9}. Note that the parameter combinations of (λ − , h − ) in each line are the optimal settings for the specific MRL 0 and c when the process parameter is known (m = +∞). Moreover, it also can be drawn from Table 3 For the upper-sided exponential EWMA chart, Table 4 displays the values of (l 0.05 , MRL 1 , l 0.95 ) for the known and estimated parameters cases. Similar to the lower-sided exponential EWMA chart, the values of (λ + , h + ) in each line are the optimal settings for the chart with known parameters. It is noted that the value of l 0.95 decreases and the values of l 0.05 and MRL 1 increase when the number m of Phase I samples increases. For example, when MRL 0 = 100 and c = 1.02, the l 0.95 value decreases from 409132 down to 364, and the l 0.05 and MRL 1 values increase from 4 up to 9 and 61 up to 83, respectively, when m increases from 10 to +∞. In addition, the effect of parameter estimation is considerable when the mean shift size is small.
Moreover, the in-control MRL values corresponding to the combinations of (λ − , h − ) and (λ + , h + ) presented in Tables 3 and 4 are also calculated for both the upperand lower-sided exponential EWMA chart. Due to the space consideration, only the results for the lower-sided chart are presented in Table 5 . It is found that when the smoothing constant λ − (λ + ) becomes larger, the difference between the in-control MRL values corresponding to the known parameter cases and the ones corresponding to the estimated parameter cases becomes negligible, especially when the desired MRL 0 is small. For example, when MRL 0 = 100 and m = 10, the in-control MRL values decreases from 129 down to 107 when λ − increases from 0.051 up to 0.675, and the in-control MRL = 107 is more close to the desired MRL 0 = 100.
Based on the results presented above, to some extent, the RL distributions of one-sided exponential EWMA charts are affected by the estimated parameter. If the chart's performance is demanded to be close to the chart with known parameters, the number of Phase I samples must be large enough to minimize the effect of parameter estimation. However, the defect rate in a high quality process is generally low, it may be impractical and economically infeasible to collect a large number of Phase I samples. In addition, the time cost to collect enough number of samples brings in the potential risk to miss the existing mean shift during this critical time. In order to solve these problems, it is desirable to obtain the optimal (λ, h) combinations of one-sided exponential EWMA charts, for a specified number of Phase I samples. The optimal procedures to design one-sided exponential EWMA charts for detecting a specific mean shift c when process parameters are estimated are presented in the next section.
IV. OPTIMAL DESIGN OF THE MRL-BASED ONE-SIDED EXPONENTIAL EWMA CHARTS WITH ESTIMATED PARAMETERS
When the process is in-control (c = 1), a large MRL 0 is desired to ensure a minimal number of false alarms. At the same time, the chart is expected to be more sensitive in detecting the mean shift, i.e., a small MRL 1 when the process is out-of-control. The proposed optimal design of the MRLbased one-sided exponential EWMA charts with estimated parameters is modeled as a nonlinear minimization problem for detecting a desired mean shift c (denoted as c opt ) with the constraint on a specified in-control MRL 0 , i.e.,
where λ and h are the smoothing parameter and the control chart limit, respectively. It is noted that λ stands for λ + or λ − of the upper-or the lower-sided exponential EWMA charts, respectively. Similarly, h stands for h + or h − of the upper-or lower-sided exponential EWMA charts, respectively. The procedures of finding the optimal parameters of the chart are listed as follows: 1) Specify the desired values of m, c opt and MRL 0 .
2) Initialize the smoothing constant λ = 0.05. 3) Determine the control limit h for the corresponding λ using a nonlinear equation solver so that the MRL 0 specified in
Step (1) is attained. 4) Calculate the MRL 1 for the corresponding combinations (λ, h) specified in Step (3). 5) Repeat Steps (3) to (4) for all values of λ varying from 0.05 to 1 with the step size 0.001. 6) Record the combinations (λ, h) that produces the minimum MRL 1 for the specified c opt as the optimal parameters. Since MRL is a discrete quantity, there may exist several values of control limit h for each smoothing constant λ satisfying the constraint of the specified MRL 0 . Without loss of generality, the median of all the h values is selected for the corresponding λ. It is noted that there may exist a few numbers of optimal combinations (λ, h) that produce the same minimum value of MRL 1 for a specified mean shift c opt . All these combinations can be used as the optimal parameters of the chart. In this paper, the median of all the optimal λ values and the corresponding h are selected. For different combinations of MRL 0 ∈ {100, 200, 300, 500}, m ∈ {10, 20, 30, 50, 100, +∞} and c opt , the optimal parameters (λ, h) and the values of MRL 1 are presented in Tables 6 and 7 for lower-and upper-sided exponential EWMA charts, respectively. It is noted that the performance of the optimal chart with estimated parameters is close to the one with known parameters. For instance, for the lower-sided chart, when c = 0.9, MRL 0 = 200, and m = 30, the optimal parameters are (λ − , h − ) = (0.050, 0.725) and MRL 1 = 82. If the process parameter is known (m = +∞), the MRL 1 is also 82. This fact implies that we could generally get the desired performance by using the optimal parameters even the number of Phase I samples is limited due to the time or cost constraints. Practitioners can directly use these parameters in practice, or they can follow the procedures presented above to get the optimal parameters.
V. A REAL APPLICATION
In this section, we illustrate the proposed optimal MRL-based one-sided exponential EWMA charts with estimated parameters by applying it to a real industrial example. This example is introduced by Jarrett [50] and the dataset consists of time intervals in days between explosions in coal mines from March 15, 1851 to March 22, 1962 . The time intervals are assumed to be exponentially distributed with an unknown process mean, which need to be estimated from samples. An optimal designed lower-sided exponential EWMA chart based on MRL is implemented to detect a decrease in the process mean with a desired MRL 0 = 200. We use the first 30 samples (Phase I in Table 8 ) to estimate the process mean and the remaining 160 samples renumbered as 1-160 (Phase II in Table 9 ) for the process monitoring.
From the Phase I dataset, we can estimate the process parameterθ 0 = 118.9 using (18) . An interested mean shift c opt = 0.7 is interpreted as a signal. We can get the optimal parameters (λ − , h − ) = (0.058, 0.697) from Using (7), we can compute the corresponding Q − t values for the lower-sided exponential EWMA chart (see Table 9 ), and Fig. 1 shows the lower-sided exponential EWMA chart for the Phase II data. From this figure, it can be seen that there is no sign of a decrease in the process mean, which indicates that the process is in-control.
VI. CONCLUSION
In this paper, the properties of both upper-and lower-sided exponential EWMA charts are investigated when process parameters are estimated. Because the MRL is more intuitive and meaningful for practitioners, especially when the RL distribution is highly skewed, it is used as the measure for the performance evaluation for both charts with estimated parameters. Numerical simulations are presented to investigate the effect of parameter estimation on the chart and it is shown that the optimally designed parameters of one-sided exponential EWMA charts with known parameters are unsuitable for the chart with estimated parameters. For a certain number of Phase I samples, the optimal design procedures of one-sided exponential EWMA charts with estimated parameters are made available for practitioners. The newly proposed optimal parameters of one-sided exponential EWMA charts with estimated parameters can provide a similar performance compared with the charts with known parameters. This means that, for a fixed number of Phase I samples, the practitioners could get the desired performance by using the newly designed parameters when the process parameter is unknown.
All the above researches are conducted for the univariate EWMA type charts. Future researches could be extended to the multivariate charts or other advanced type charts, like CUSUM and Synthetic charts. 
